This paper shows how a compact finite difference Hessian approximation scheme can be proficiently implemented into semiclassical initial value representation molecular dynamics. Effects of the approximation on the monodromy matrix calculation are tested by propagating initial sampling distributions to determine power spectra for analytic potential energy surfaces and for "on the fly" carbon dioxide direct dynamics. With the approximation scheme the computational cost is significantly reduced, making ab initio direct semiclassical dynamics computationally more feasible and, at the same time, properly reproducing important quantum effects inherent in the monodromy matrix and the pre-exponential factor of the semiclassical propagator.
I. INTRODUCTION
Semiclassical (SC) molecular dynamics provides a general and well-defined tool for including all quantum effects in classical mechanics. [1] [2] [3] In particular, semiclassical initial value representation (SC-IVR) theories have proven to be quite accurate, as demonstrated by numerous applications. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] The fundamental advantage of the SC-IVR propagator over basis set evaluations of the quantum propagator, such as the multiconfigurational time-dependent Hartree 21 or the coupled coherent states methodology, 22 is that it exclusively relies on classical trajectories and, therefore, it can be straightforwardly implemented with "on the fly" direct molecular dynamics calculations. In addition, basis sets and other 23, 24 approximate evaluations of the quantum propagator need a global potential energy surface, while SC-IVR depends only on the local potential. 25 This aspect is of fundamental relevance, as a major challenge in quantum dynamics is the simulation of complex systems, i.e., ones with multiple degrees of freedom, for which the development of an analytic potential energy surface may be a formidable task. [26] [27] [28] [29] [30] [31] [32] [33] The version of the SC theory that has proven most useful for quantum dynamics is the coherent states implementation of the SC-IVR propagator, 24, 34, 35 which goes under the name of Herman-Kluk or Heller-Herman-Kluk-Kay SC-IVR approximation e −iĤ t/¯= 1 2π¯ F dp(0) dq(0) C t (p(0), q(0)) ×e iSt (p(0),q(0))/¯| p (t) , q (t) p(0), q(0)| , (1) where (p(t), q(t)) is the set of 2F-dimensional classically evolved phase space coordinates, S t is the classical action and C t is a pre-exponential factor that arises from local harmonic fluctuations about the classical paths. 1, 8, 13-15, 17, 19, 36, 37 The a) michele.ceotto@unimi.it.
pre-exponential factor C t (p(0), q(0)) represents the biggest stumbling block in ambitious applications of this theory and the computational effort required for its calculation is a major concern for SC-IVR simulations. In particular, it represents most of the SC-IVR computational cost when "on the fly" direct dynamics simulations are performed, since it requires the calculation of the Hessian matrix directly from the electronic wavefunction. Therefore, important implementations of the coherent states SC-IVR theories are those which provide an approximation that conserves the properties of the original propagator and, at the same time, reduces the computational costs so as to make "on the fly" simulations a viable tool.
To overcome the pre-exponential factor issue, in this paper we implement a compact finite difference (CFD) approximation for the Hessian calculation recently developed by Zhuang et al. 38 This is a numerical approximation of the preexponential factor, with the goal of reducing computational costs and, thus, making ab initio SC-IVR direct dynamics viable for an extensive range of simulations which accurately and properly include the pre-exponential factor. The accuracy of this approximation has been tested only on single trajectory simulations 39 and it is not obvious how it will perform for the phase space integration of Eq. (1) . This paper deals with this issue and shows how the CFD approximation may be successfully implemented into the SC-IVR propagator for power spectra calculations and how it performs for an ensemble of trajectories instead of a single one.
Another issue regarding the pre-exponential factor is its numerical stability, especially for chaotic systems. Besides removing trajectories, 40 several paths have been taken in the past to obviate this issue in SC dynamics. Linearization of the SC-IVR propagator (LSC-IVR) 15, [41] [42] [43] [44] [45] resulted in the most drastic approximation in terms of accuracy. Then, the Forward-Backward (FB) SC-IVR method was proposed for correlation function calculations. 46 (a), 13, 47 and Wang et al. 46(e) based on physical considerations. 49 One can also employ the log-derivative representation 50 for a more convenient numerical integration. Another approach involves introducing approximations of the pre-exponential factor, such as Johnson's multichannel WKB (Wenzel-KramersBrillouin) approximation 51 or the adiabatic approximation. 52 Also, the prefactor has been partially suppressed in Pollak's series propagator expansion 11 and totally suppressed in Takatsuka's amplitude-free quasicorrelation function. 37 More recently, a "poor person's" Frozen Gaussian propagator has been proposed, 25 where the pre-exponential factor is calculated from only a single trajectory by artificially extracting it from the phase space integral of Eq. (1) .
In this paper, we employ the time-averaging filter 53 (Secs. II and III) which controls the numerical issues of C t (p(0), q(0)). It also reduces the extent of the phase space integration but at the cost of a longer simulation time. The latter is alleviated by the CFD approximation described in Sec. IV, which reduces the computation cost of the Hessian calculation. The results are presented in Sec. V, followed by a discussion in Sec. VI. Section VII concludes the paper.
II. TIME-AVERAGING SC-IVR FOR POWER SPECTRA CALCULATIONS
We calculate the power spectra in the time-dependent representation
and approximate the propagator e −iĤ t/¯u sing the semiclassical initial value representation (SC-IVR) of Eq. (1). In the coherent-state 24, 34 version of SC-IVR, the pre-exponential factor
is given by the determinant of the combination of the four F × F size blocks of the 2F × 2F symplectic (monodromy or stability) matrix M(t) ≡ (∂(p(t), q(t))/∂(p(0), q(0))). By employing Hamilton's equations, the time-evolution of M(t) is obtained as
where
We monitored the accuracy of the classical propagation by checking the deviation of the determinant of the monodromy matrix (or better of the positive-definite matrix M T M) from unity. The coherent states in Eq. (1) are given by the direct product of one-dimensional coherent states q|p(t), q(t)
where γ i is fixed and equal to the width of the harmonic oscillator approximation to the vibrational wave function for the ith normal mode. Finally, the SC-IVR approximation for the survival probability in Eq. (2) is represented in the semiclassical approximation by the following Monte Carlo phase space integration,
for any given reference state |χ = |p eq , q eq . In order to smooth the oscillatory integrand in Eq. (7), the time averaging filter was introduced, 53 where the number of trajectories required for the Monte Carlo integration is reduced at the cost of longer simulation times. 54 The TA (time-averaging) SC-IVR expression for the spectral density is
where the sets (p(t 1 ), q(t 1 )) and (p(t 2 ), q(t 2 )) of the position and momentum variables are the evolution of the initial phase space point (p(0), q(0)) at times t 1 and t 2 , respectively, and T is the total simulation time. The time integration in t 1 acts as the Fourier transform of Eq. (2), while the one in t 2 does the filtering job. It is important to note that the two time-integrals imply two nested do-cycles. In other words, for a trajectory run from time 0 to time T all possible time-intervals from t 1 and t 2 are considered. In this way, this integration sums over all possible trajectories that are generated as segments of the time length T − t 1 for a single long trajectory from time 0 to time T. The most computational intense part of Eq. (8) is the calculation of the prefactor C t2 (p(t 1 ), q(t 1 )), for two reasons. First, because it requires the Hessian calculation; second, because it depends on two time variables, since its calculation is done by taking all possible trajectories for the T − t 1 time interval. This last requirement can be controlled by adopting the separable approximation, where C t2 (p(t 1 ), q(t 1 Then, Eq. (8) becomes
where now the double time integral is simplified to a single and positive-definite time integral. In this paper we will employ this approximation for Eq. (2), since we have found it to be accurate 53, 55 and an order of magnitude less computational demanding than Eq. (8).
III. TIME AVERAGING MC-SC-IVR IMPLEMENTATION
In order to perform ab initio direct semiclassical dynamics simulations, the number of trajectories employed for integrating Eq. (7) should be greatly reduced. This is done only in part by the time-averaging filter, since about a thousands of trajectories are needed per each degree of freedom 53 to converge the integration of Eqs. (8) and (9) . For these reasons, recently the MC-SC-IVR method was developed by Ceotto et al. [55] [56] [57] This SC-IVR implementation enhances as much as possible the overlap between the reference state |χ and the exact quantum eigenfunctions. As a result, representation of spectral peaks for excited vibrational states are less noisy, more intense and accurate. To reach such a goal, the extra coherent states of the MC-SC-IVR method are placed either nearby the classical turning points of excited vibrational states or, equivalently, at higher momentum (i.e., kinetic energy) values comparable with the eigenstate energy (see Figure 1 in Ref. 55) . Then, one can further reduce the number of trajectories to a few "eigen-trajectories," each one crossing a coherent state location, or sample at different coherent states locations per time. Importantly, the coherent states momenta do not need to be chosen at an energy close to the peak location because the Gaussian spreading of each coherent state is generally wide enough to include the peak energy shell, as tested numerically. 55, 59 Thus, in the MC-SC-IVR approximation, the reference states |χ are chosen to be a combination of coherent states,
which have the equilibrium molecular position q eq and initial momenta such that p 2 eq,j /2m =¯ω j (n + 1/2) for each normal mode frequency ω j . Quantum mechanical delocalization is reproduced here because the coherent states are placed in a non-local fashion, even if their centers are kept fixed during the simulation time. Now, by inserting Eq. (10) into Eq. (8) the final expression for the multiple coherent states spectra calculation is
where the convenient combination of N states coherent state centers of Eq. (10) has been introduced. An analogous expression holds after the separable approximation is invoked. Due to the approximation in the coherent state combination of Eq. (10), the MC-SC-IVR method provides information about the peak locations and not about their relative intensities with respect to a ground state transition. In order to further reduce the computational effort for a direct dynamics calculation, the phase space integral may be approximated by a sum of trajectories starting from each set of coherent state coordinates
Applications of Eq. (12) include accurate power spectra for the gas phase H 2 O molecule 55 and CO molecules chemisorbed on Cu(100) using analytical potentials, 58 while an "on the fly" approach has been employed for CO 2 55, 59 and H 2 CO 57 vibrational energy level and vibrational eigenfunction calculations.
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IV. THE CFD METHOD FOR THE MONODROMY MATRIX CALCULATIONS
To calculate the monodromy matrix M(t) elements, the Hessian is needed at every time step to solve Eq. (4). An ab initio Hessian calculation is computationally very expensive, and hence an accurate Hessian approximation that can preserve properties of the ab initio Hessian is highly desirable. Hessian updating is a way to approximate the Hessian in a stepwise fashion with one direction of the Hessian approximated using the latest available information, while the remaining directions of the Hessian remain almost unchanged.
Hessian update schemes have evolved since 1950s and were originally developed for optimization (see Refs. 60-65 and references therein), and some have been used in direct dynamics simulations. [66] [67] [68] Most of the schemes are based on a first-order Taylor expansion which, for optimization, is the equation that quasi-Newton methods are based upon. The accuracy of the first-order Taylor expansion is sufficient for optimization, as evidenced by fast convergence of quasi-Newton methods. 62 For direct dynamics, a higher accuracy is desirable and a recent study 38 has shown the effectiveness of a highly accurate Hessian approximation in attaining high simulation quality. The Hessian approximation schemes reported in Ref. 38 were developed using a CFD method, [69] [70] [71] [72] [73] which has an approximation accuracy one order higher than that of the firstorder Taylor expansion.
CFD is a high-order finite difference approximation for differentiation of functions without incurring a larger stencil, the set of sampling points in the approximation formula. The high accuracy is attained by including differentiated terms at more locations within the stencil. The "compact" refers to the compactness of the stencil for attaining a high-accuracy approximation. The CFD-based Hessian approximations start with the equation
where G(q 1 ) and G(q 2 ) are the gradients of the potential energy at q 1 and q 2 , respectively, and H(q 1 ) and H(q 2 ) are the Hessians at q 1 and q 2 . Compared with the first-order Taylor expansion
of G(q 1 ) about the point q 2 , the CFD-based Eq. (13) has an error of O( q 1 − q 2 3 ) while the Taylor expansion in Eq. (14) has an error of O( q 1 − q 2 2 ). Note that Eq. (13) has the same stencil as Eq. (14), but with the Hessian included at one more location of the variable q. When G(q 1 ), G(q 2 ), and H(q 1 ) are given, a Hessian update scheme is to approximate H(q 2 ) using the given information of G(q 1 ), G(q 2 ), H(q 1 ), and q 1 and q 2 . Equation (14) is the equation for which most existing Hessian update schemes are based upon. When the coordinate q has n scalar entries, that is, q = (x 1 , x 2 , ···, x n ), both Eqs. (13) and (14) have an n(n − 1)/2-dimensional solution space. A dimension-restriction technique pioneered by Bofill, 65 originally for the first-order Eq. (14), can be applied to the CFD Eq. (13), with which one can obtain a family of Hessian update schemes
from which H(q 2 ) can be obtained using H(q 2 ) = H(q 1 ) + H, where λ is a parameter allowed to vary, q = q 2 − q 1 , and
Equation (15) 
Equation (17) for λ is due to Bofill, 65 and Eq. (15) with λ given by Eq. (17) is called the CFD-Bofill Hessian update scheme, which was found to be a simple and accurate Hessian approximation. 38 With the Hessian update schemes, the monodromy matrix M(t) can be calculated by solving the governing Eq. (4) with the velocity Verlet algorithm or higher order symplectic algorithms. Hessian updating is used in a manner that for every K time steps, an ab initio Hessian is calculated in the first step followed by K-1 steps of Hessian updates.
V. RESULTS
A. Preliminary pre-exponential factor monitoring
The accuracy of the pre-exponential factor C t2 (p(t 1 ), q(t 1 )) is preliminarily monitored by looking at the phase φ(t) = phase[C t (p(0), q(0))] and at the modulus for calculations with different K values. Here K is the number of time-steps within a fixed interval for which the Hessian is estimated according to the CFD approximation. In Figure 1 , the phase differences between the phase of the exact pre-exponential factor and the CFD approximated ones are plotted. The left-panel of Figure 1 is for a CO 2 ground state energy trajectory simulation (10 a.u. step-size for 5000 time-steps) and it shows that accuracy is preserved up to K = 32. Though there are a few points with a π off-phase pre-exponential factor, the imaginary part is still the same. The right-panel of the same Figure is for a H 2 O ground state energy trajectory with 4000 time-steps of 5 a.u. In this case, the approximation is much less accurate. This is probably due to the presence of the light hydrogen atoms and chaotic dynamics, where the CFD approximation performs more poorly. 39 However, the phase differences in Figure 1 represent those for a single trajectory and in the following calculations are presented for thousands of trajectories. Thus, it is not possible to extend a priori the accuracy shown in Figure 1 to each trajectory of the Monte Carlo phase space integration for the TA-SC-IVR with the separable approximation. Lower kinetic energy trajectories better preserve the accuracy of the CFD approximation (see Sec. V B), since for high kinetic energies it becomes more probable to visit chaotic regions of the potential energy surface where at least one of the local Hessian eigenvalues is negative. 39 If one does not adopt the separable approximation of Eq. (9), it is important to establish the resulting error in the absolute value of the prefactor when the CFD approximation is used. The relative error of the modulus of the pre-exponential factor C t2 (p(t 1 ), q(t 1 )), at each time step, is reported in Figure 2 . The notation is the same as in Figure 1 . As far as the CO 2 set of simulations are concerned, the accuracy limit of K = 16 is observed, showing that the approximation is less accurate for the modulus than the phase calculation. The same considerations hold for the H 2 O simulations, where the accuracy limit is about K = 8. These results are encouraging and show that the CFD approximation will be helpful even for SC-IVR simulations where the separable approximation is not employed. In order to have a comprehensive evaluation of the CFD Hessian approximation for the SC-IVR integrator, a better approach is to directly monitor the power spectra peaks for increasing K values, as done in Sec. V B.
B. Accelerated SC-IVR power spectra with the CFD approximation
From Sec. IV and Figure 1 , it is clear that the accuracy of the CFD approximation deteriorates when the number of Hessian updates between two consecutive ab initio Hessian calculations increases. Also, the CFD Hessian calculations for high kinetic energy trajectories are less accurate than for lower kinetic energy trajectories as stated above. Thus, when performing the Monte Carlo integration of Eqs. (8) and (9) with the CFD approximation, high energy trajectories are more probable to be rejected, since their monodromy matrix determinants deviate substantially from unity as a result of round-off error propagation discussed above. This bias increases when the CFD Hessian approximation is invoked for more time-steps and for higher kinetic energy trajectories. To have a clear picture of this sampling issue, we performed a preliminary statistical study of time averaging SC-IVR calculations with different sampling choices in order to understand how discarding high momentum trajectories approximates the power spectrum. In particular, the goal of this preliminary set of exact (i.e., without CFD approximation) semiclassical calculations is to find the largest sampling standard deviation which gives accurate results for a given power spectrum energy range. In a second stage, the CFD approximation is applied to determine a K-threshold for an accurate calculation.
The water molecule analytical potential of Thiel 78 was chosen for a realistic simulation of a molecular spectrum. This molecule has stiff stretching modes strongly coupled to a floppy bending one. To perform the Monte Carlo integration of Eqs. (8) and (9), the Husimi sampling distribution of Eq. (A1) is usually employed 2, 3, 10 and this approach was used here. This distribution guarantees that a wide enough phase space region is sampled. The sensitivity of the Monte Carlo integration was studied for different sampling widths of the Husimi distribution and different numbers of trajectories calculated for the distribution. The left panel of Figure 3 shows the distribution of trajectories versus the total (kinetic plus potential) trajectory energy for the different sampling widths and different numbers of trajectories. The sampling width was narrowed by increasing the a, b parameters introduced in the Appendix in Eq. (A1) to 5a,5b; 10a,10b; and 15a,15b. Two ensemble sizes were considered for sampling the Husimi distributions; i.e., one with 32 000 trajectories and the other with 3200. The former were integrated for 3000 time-steps with a 5 a.u. time interval, while the latter was integrated for 4000 time-steps with the same time interval. The trajectory integration was performed with a 4th order symplectic algorithm 14, 79 and trajectories with a monodromy matrix determinant deviation from unity greater than 10 −4 were discarded. The latter becomes important for trajectories with a large kinetic energy.
The power spectra, calculated using Eq. (9), are shown in the right panel of Figure 3 for the different Husimi ensembles of trajectories in the left panel. Overall, the spectra are insensitive to the samplings of the Husimi distribution. For the Husimi distribution with parameters 1a, 1b the energy range extends to 14 000 cm −1 beyond the ZPE level. The number of rejected trajectories is large for this broad sampling width, as a result of the large kinetic energies of some of the trajectories, and it is significant that this sampling gives an accurate spectrum. It is also important that the same Husimi distribu- tion, but with ensembles of trajectories which vary in size by an order of magnitude give the same spectrum (see black versus red lines). This is a result of the time-averaging filtering. In addition, it is seen that the intensity of the higher energy peaks gradually decrease as the sampling distribution is narrowed with larger a,b parameters.
To have a better comparison between the different sampling strategies adopted in Figure 3 , the vibrational eigenvalues from the spectra are reported in Table I . The second column (labeled "Harm.") gives the harmonic frequencies for the analytic potential and comparison with the following one shows the degree of anharmonicity. Comparison with the third and fourth column shows that a 3200 trajectory simulation is already at convergence thanks to the time-averaging filter. Then, by comparing the frequencies in the following columns, it is apparent that as the sampling parameters a, b are increased and the distribution narrowed, the accuracy of the semiclassical calculation for the highest vibrational states decreases. However, discrepancies are always contained within 10−20 cm −1 and with respect to the vibrational eigenvalues this is an uncertainty of about a 1-2 per thousand. These results show that only drastic changes in the Husimi sampling will significantly bias the power spectra results and reasonable sampling variations (up to a multiple of 5 in the sampling standard deviation) will leave the spectra invariant.
A comparison between the current semiclassical levels and the quantum mechanical ones is not given in Table I because this was already done in a previous paper 55 and because, here, we are interested in comparing the approximation for the SC-IVR method with the original SC-IVR formulation. Any agreement between our approximated SC-IVR levels and the quantum mechanical, better than that found with the original SC-IVR, would be completely fortuitous. As discussed above, trajectories with a monodromy matrix determinant deviation from unity greater than 10 −4 were discarded. Reported in Figure 4 are the energy distributions of the discarded trajectories for different widths of the Husimi sampling distribution and different levels of the CFD approximation. The energy distribution for the total number of trajectories is given by the orange line in each panel, while the distributions for the discarded ones are given by the other colors, depending on the level of the CFD approximation. A higher energy trajectory is more probable to visit chaotic regions of the potential and, consequently, is more probable to be rejected. By comparing the panels in Figure 4 , it is seen that fewer trajectories are rejected when the sampling is peaked at smaller energy values, i.e., the Husimi sampling coefficients a and b are increased from the Husimi value of σ . In addition, within each panel it is apparent there are more rejected trajectories when the CFD interpolation interval K is increased. This shows that the effect of the CFD approximation is either to make the already negative local Hessian eigenvalues more negative or to introduce additional negative eigenvalues. 39 Here, we want to understand when these higher rejection rates are prejudicial for the power spectrum calculation. As an example, the a, b sampling parameters are fixed at the Husimi value of σ and the water power spectra (shown in Figure 5 calculated for different K values. K is the number of consecutive integration time-steps for which the Hessian is estimated according to the CFD approximation, before calculating it accurately. The effect of increasing K is analogous to that of restricting the sampling width, i.e., higher energy trajectories are discarded and higher vibrational energy level peaks are less intense. Nevertheless, the spectra in Figure 5 appear quite similar.
Number of trajectories
To obtain a quantitative comparison of the above power spectra calculations, the vibrational eigenvalues obtained with different sampling parameters and different levels of the CFD approximation are listed in Table II , where they are compared with the "exact" semiclassical values. These results, together with the ones in Figure 5 , show a quite accurate threshold of K = 4 for the CFD approximation. K = 4 shows very few peaks deviating by more than 20 cm −1 from the "exact" semiclassical simulation, while the deviation is about double for K = 8. Since we are employing a 4th order algorithm, with K = 4 the Hessian is evaluated 16 times less than for an "exact" simulation. For a semiclassical direct dynamics simulation, calculation of the Hessian dominates the computational time and, thus, with the CFD approximation the simulation is about 16 times faster than without. Another important observation from Table II is that, as the sampling parameters a and b are increased and the sampling distribution becomes more different from the Husimi one, the spectrum accuracy is poorer and some peaks are missing. Thus, direct application of the CFD approximation to the Husimi distribution is the preferred approach. Sampling distributions that are more narrow than the Husimi one may make the CFD approximation more accurate for some vibrational peaks, but the spectra precision for the higher vibrational peaks is substantially degraded.
C. MC-SC-IVR power spectra and the CFD approximation
As presented in Sec. III, a viable tool for an ab initio semiclassical calculation is the MC-SC-IVR approximation, where the number of trajectories is reduced to very few. In this section we study application of the CFD approximation to a MC-SC-IVR direct dynamics calculation. As described in the Appendix, for the MC-SC-IVR method the trajectory initial conditions are chosen by performing Box-Muller 76 samplings centered at each coherent state per time. Figure 6 shows the energy histogram distribution for the sampled trajectories using the same water potential as above. Also shown are the distributions of rejected trajectories without the CFD approximation and with different levels of the CFD approximation. Each panel gives the results for a fixed sampling standard deviation, equal for all centers. The original MC-SC-IVR formulation, where the number of trajectories is equal to a small number (few) coherent states as given by Eq. (10), corresponds to a sampling standard deviation equal to infinity, i.e., only the centers (p i eq , q i eq ) are sampled. For this reason, in Figure  6 finite large values of the standard sampling deviation are considered to have a gradual approach to the few trajectory MC-SC-IVR sampling case. The results in Figure 6 are very similar to the above SC-IVR calculations; i.e., the wider the sampling distribution the higher the number of rejected trajectories when employing the CFD approximation. The main difference with respect to the sampling results of Figure 4 is that for the larger standard deviations the single-center Husimi sampling distribution is biased around the ZPE energy part of the spectrum, while the MC-SC-IVR sampling procedure keeps an even sampling distribution across the power spectrum. This last kind of sampling is clearly going to be more representative of the power spectrum as compared to an arbitrarily chosen single-center Husimi standard deviation.
Details of the MC-SC-IVR calculations may be appreciated by inspecting the power spectra. In Figure 7 power spectra of the water molecule are given for MC-SC-IVR simulations with both 8 and 3200 trajectories. The coherent states in Eq. (10) are restricted to the lower eight vibrational levels, including the ZPE one, which are represented by the harmonic approximation as described in Ref. 55 . If only 8 trajectories are used, we obtain the black line spectrum at the 5000 6000 7000 8000 9000 10000 11000 12000 13000
Energy [wavenumbers]
I(E) bottom of Figure 7 and if the CFD approximation with K = 8 is additionally invoked we obtain the red line spectrum. From the bottom spectra of Figure 7 it is seen that the CFD approximation is not introducing any significant deviation to the 8-trajectory MC-SC-IVR approximation. The situation is different when 3200 trajectories are employed for the MC-SC-IVR, as represented by the other spectra in the figure.
To understand how the CFD approximation should be applied for a MC-SC-IVR direct dynamics simulation, water vibrational eigenvalues are reported in Table III for several sets of sampling parameters and K values. The first row reports the sampling choice, the second row reports the level of the CFD approximation (if blank, the approximation was not employed), and the third row gives the number of trajectories. To assist in the comparison, in the second column of Table III the eigenvalues from Table I are reported for the "exact" 32 000 trajectory SC-IVR simulation. The remaining columns give the eigenvalues for different sampling widths without the CFD approximation and with the K = 4 and K = 8 CFD approximation. If the CFD approximation is not applied, the 8-trajectory MC-SC-IVR simulation and the 5σ sampled one are of the same accuracy and comparable with the 32 000 SC-IVR trajectory simulation, while the others are of lower accuracy. The accuracy of the 5σ sampling 3200 trajectory MC-SC-IVR simulation in Table III can be explained by considering that the sampled phase space is quite similar to the 3200 trajectory Husimi sampling SC-IVR one. However, it is quite unexpected that the 8-trajectory MC-SC-IVR simulation performs better than those with 3200 trajectories when sampling is wider than 5σ . This may be due to the ad hoc MC-SC-IVR sampling procedure adopted here and described in the Appendix. As far as the accuracy of the CFD approximation is concerned, we find again that using K = 4 does not significantly change the spectrum for any of the sampling choices. This means that the threshold for the CFD approximation can be chosen irrespective of the SC-IVR version used and, by comparing with the results of Ref. 39 , this is also the case for a single trajectory simulation.
D. First principles semiclassical direct dynamics results
The ultimate goal of approximating the Hessian in SC-IVR molecular dynamics is to enhance ab initio semiclassical molecular dynamics. In this section, an illustrative example is reported of the power spectrum calculation for carbon dioxide. This spectrum is quite a challenging one, given the strong anharmonic couplings between the symmetric and bending modes and the numerous Fermi resonances. Firstprinciples classical trajectories and Hessian calculations were performed at the level of B3LYP/cc-pVDZ level of theory with the VENUS package 80, 81 interfaced with NWCHEM. 82 A version of the integrated VENUS/NWCHEM was developed to determine all the classical quantities needed for the semiclassical calculations. The simulations were performed in normal mode coordinates, after an initial Hessian diagonalization. During the time-evolution the Hessian is calculated every K time-steps, as illustrated above. Figure 8 shows "on-the-fly" CO 2 power spectra calculated for various values of K. Major difference is apparent at higher energies, where some peaks significantly lose intensity at the level of spectral noise. In order to better appreciate these differences, the vibrational energy values in cm −1 are reported in Table IV . In the first column of the Table, the "traditional" terminology is used to label the vibrational levels, where the first number refers to the symmetric stretch, the second to the bending modes and the last one to the asymmetric stretch. Fermi resonances occur between the symmetric stretch and bending modes, as previously reported. 55, 59 These Fermi coupled states are denoted by superscript symbols. In the second column, the vibrational levels in the harmonic approximation are reported, where several degeneracies are present which are removed by the Fermi couplings. The third column gives the MC-SC-IVR results obtained with 8 classical trajectories. For the trajectory initial conditions, the coordinates are not displaced from equilibrium and momenta is added to the modes so that the first eight vibrational levels are harmonically spaced (see discussion above in Sec. III). Table IV shows that, by using Bofill's algorithm for the CFD approximation, only at K = 70 does the power spectrum start to have missing peaks, including deviations of the peak positions on the order of 10 cm −1 or greater. In terms of ab initio molecular dynamics, the use of K = 70 corresponds to a two order of magnitude decrease in computational time for a velocity Verlet algorithm, since calculating the Hessian requires most of this time.
VI. DISCUSSION
Of the many methods elaborated in the past to enhance the monodromy matrix calculation, we have found that only the one of Garashchuk and Light 83 does not invoke an additional approximation beyond a numerical one. For this reason, 83 Then, the monodromy matrix was calculated as the product of monodromy matrices for infinitesimal timesteps. The overall computational cost scales linearly instead of quadratically.
We find the present CFD approximation to offer several advantages with respect to the Garashchuk and Light method, which, however, has the desirable property to be numerical. First, the CFD method allows for "tuning" the approximation by varying the number of consecutive time intervals for which the Hessian is estimated, i.e., by changing the value of K. This feature allows any user to set her/his level of approximation, according to the accuracy desired for observables of interest. Second, the CFD approximation does not require any further calculation of auxiliary trajectories, except those used for the statistical convergence of the Monte Carlo integration. Third, Garashchuk and Light formulation of the second derivatives is accurate up to first order. In contrast, the CFD approximation is higher order, depending on the choice of the algorithm. For these reasons, our understanding is that the present numerical approximation of the SC-IVR propagator represents a significant step forward with respect to other monodromy matrix approximations. 11, 19, 50, 52, 83 
VII. CONCLUSIONS
A semiclassical (SC) IVR calculation requires numerical integration of classical trajectories for evaluations of the monodromy matrix versus time. Evaluating this matrix requires the Hessian, which is computationally quite expensive for di-rect dynamics simulations. The work reported here shows that the CFD approximation for the Hessian is a very useful approach that can significantly reduce the computational time required for a SC direct dynamics calculation. The CFD approximation may decrease the computational time required for a SC-IVR direct dynamics calculation by orders of magnitude. Such an enhancement in the efficiency of the calculation makes SC-IVR direct dynamics computationally tractable for a broad range of problems.
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APPENDIX: MONTE CARLO SAMPLING
The natural Monte Carlo sampling distribution of Eq. (8) is given by the value of the integrand at time zero. Given a reference state |χ = |p eq , q eq , this is proportional to 
where the vectors a and b are such that the ith element is a(i) = ω i /2 and b(i) = 1/(2ω i ), and ω i is the harmonic vibrational frequency of the ith normal mode. This phase space probability distribution is called the Husimi distribution. 74 Recently, an efficient time-dependent importance sampling approach has been advanced for SC-IVR molecular dynamics of time correlation functions. 75 Here, we have shown how the power spectra depends on the sampling parameters a and b. A correct and converged Monte Carlo sampling is such that the integration results do not depend on the sampling parameters. However, since the CFD Hessian approximation is invoked in the prefactor calculation, trajectories are run and the contribution of a trajectory is removed if the determinant of the matrices product M T M deviates from unity more than a given threshold. In principle, when using a symplectic propagator, the deviation from unity should be within a round-off error.
14(c) However, we have previously proved that the effect of the CFD approximation may introduce negative Hessian eigenvalues that cause the monodromy matrix elements to become significantly large in magnitude, with an associated round-off error as well. For this reason, more trajectories are rejected as the CFD approximation becomes more severe, and the SC-IVR sampling is consequently biased. Here we have shown how the power spectra and the number of rejected trajectories change by changing the sampling parameters and the level of the CFD approximation.
For a MC-SC-IVR calculation of Eq. (11), the reference state is given by Eq. (10) (A2) where the sum runs over the coherent states' centers. As explained above, the MC-SC-IVR approximation was introduced to drastically reduce the number of trajectories for "on the fly" semiclassical calculations. The minimum number of trajectories is equal to the number of coherent states, as given by Eq. (12) . In the examples quoted above, these have never been more than a few trajectories. The need for such a low number of trajectories opens up the possibility of ab initio semiclassical direct dynamics calculations. 55, 57, 59 This choice is equivalent to putting Dirac-delta distributions at the positions of the Gaussian distributions in Eq. (A2) and initiating trajectories one by one from each (q i eq , p i eq ) phase space point. In contrast, to sample trajectories according to Eq. (A2), positions and momenta should be randomly chosen within given intervals. Equation (A2) may then be sampled, with the phase space point rejected or accepted by the von Neumann rejection technique. 77 This acceptance/rejection algorithm heavily relies on the initial sampling interval, whose unbiased determination is postponed for future work. Instead, in this paper, we look for a close comparison between the MC-SC-IVR calculations of Eq. (12) and those of Eq. (11) . In order to accomplish this, we found it reasonable to have the trajectories sampled separately from each Gaussian distribution of Eq. (A2) by a Box-Muller method. 76 
